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where Rmg,mQ is the wavelet Galerkin operator associated to a wavelet filter 
mo. The solution involves the construction of representations of the algebra 
2tjv- the C*-algebra generated by two unitaries U, V satisfying UVU~^ 
introduced in IJor98l. 
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1. Introduction 

The wavelet Galerkin operator appears in several different contexts such as 
wavelets (see for example jLaw91b| . |Dau95| . |CoDa96| . |LLS96j . |CoRa90j '). er- 
godic theory and measures f |Kea82j ') or quantum statistical mechanics i jRue68| ) . 
For some of the applications of the Ruelle operator we refer the reader to the book 
by V. Baladi BalOO . It also bears many different names in the literature: the 
Ruelle operator, the Pcrron-Frobenius-Ruelle operator, the Ruelle- Araki operator, 
the Sinai-Bowen-RucUe operator, the transfer operator and several others. We used 
the name wavelet Galerkin operator as suggested in |Law91b) . because of its close 
connection to wavelets that we will be using in the sequel. We will also use the 
name Ruelle operator and transfer operator. 

The Ruelle operator considered in this paper is defined by 



R-n 
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where toq, TOq S (T) are nonsingular (i.e. they do not vanish on a set of positive 
measure ), T is the unit circle {z e C||2;| = 1}, N > 2 is an integer. A large 
amount of information about this operator is contained in |BraJo| . One of the 
main objectives of this paper is to do a peripheral spectral analysis for the Ruelle 
operator, that is to solve the equation 



R„ 



The restrictions that we will impose on toq are: 

(1.1) mo e Lipi(T) 

1 
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where 

Lipi(T) = {/ : T ^ C I / is Lipschitz } . 
(1.2) Too has a finite number of zeros . 

(1-3) Rmo,mo^ ~ 1 

(1.4) TOo(l) = Vn 



In ergodic theory the Ruelle operators are used in the derivation of correlation 
inequahties (see |Sto01| and |Dol98| ) and in understanding the Gibbs measures. The 
role played by the Ruelle operator in wavelet theory is somewhat similar. It can be 
used to make a direct connection to the cascade approximation and orthogonality 
relations. 

In the applications to wavelets, the function toq is a wavelet filter, i.e., its Fourier 
expansion 

(1.5) mo(z) = ^afez'= 

feez 

yields the masking coefficients of the scaling function ip on R, i.e. the function 
which results from the the fixed-point problem 

(1.6) ip{x) ^ y/Nj2'^MNx-k) 

Then the solution ip is used in building a multiresolution for the wavelet analysis. 
If, for example, conditions can be placed on p.5|l which yield (M)-solutions to 
1)1. then the closed subspace Vq spanned by the translates {<p{x — fc) | fc G Z} is 
invariant under the scaling operator 

(1.7) - (I) ' 

i.e. U{Vo) C Vq. Setting 

V, := W (Vo) , (.7 e Z) 

we get the resolution 

...V2 CViCVoC VLi c V-2... 

from which wavelets can be constructed as in | Dau92| . 

The cascade operator is defined on (R) from the masking coefficients by: 

M,V = ViV^a„V(^•-")• 
nez 

The scaling function ip is then a fixed point for the cascade operator, it satisfies the 
scaling equation 

Now set 

p(Vi, V'2) (e'*) = e'"* / MxMx - n) dx. 
nez •'^ 

The relation between the Ruelle operator Rmo,mo and the cascade operator Ala is 

(p(V'l,V'2)) =p(MaVl,MaV2), 
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and this makes the transfer operator an adequate tool in the analysis of the orthog- 
onality relations. 

One of the fundamental problems in wavelet theory is to give necessary and 
sufficient conditions on toq such that the the translates of the scaling function 
{ip{- — n) I n G Z} form an orthonormal set. There are two well known results that 
answer this question: one due to Lawton ^ ILawQlaj ). which says that one such 
condition is that Rmo,moj ^ ^-n operator on continuous functions, has 1 as a simple 
eigenvalue, the other, due to A.Cohen ([Co90|), which says that the orthogonality 
is equivalent to the fact that niQ has no nontrivial cycles (a cycle is a set {zi, Zp} 
with zf^ = Z2:.-.,Zp_i = Zp,Zp = z^ and |TOo(-Zi)l = for all i G {l,...,p}; the 
trivial cycle is {1}). 

The peripheral spectral analysis in this paper will elucidate, among other things, 
why these two conditions are equivalent. 

The wavelet theory gives a representation of the algebra SIa? (i.e. the C*-algebra 
generated by two unitary operators U and V subject to the relation UVU~^ = V'^) 
on (R). U is the scaling operator in H1.7() and V is the translation by 1 



This representation of 2ljv together with the scaling function (p is called the wavelet 
representation. 

In |Jor98| it is proved that there is a 1-1 correspondence between positive solu- 
tions to Rmo,moh — h and representations of 2tjv- These representations are in fact 
given by the unitary U : H H, a, representation tt : L°° (T) B{TL) satisfying 



and ip Ti. with Uip = n (toq) V- 
We reproduce here the theorem: 

Theorem 1.1. 

(i) Let rriQ G (T), and suppose ttiq does not vanish on a subset of T of 
positive measure. Let 



V : ip ^ if^i- ~ 1). 
In fact we also have a representation of L°° (T) on L^ (R) given by 





[/^(/) = 7r(/(z^))(7, (/GL°°(T)) 



(1.8) 




/ G (T) . 



Then there is a one-to-one correspondence between the data @ and (|E|) 
below, where (0 is understood as equivalence classes under unitary equiv- 
alence: 



(1.10) 



(1.9) 



(a) he L^ (T), h>0, and 

R{h) = h. 

(b) TT G Rep (21 Af, TL), ip £ Ti., and the unitary U from tt satisfying 

Uip — TT (mo) p. 
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(ii) From the correspondence is given by 



(1.11) 




Jt 

where fi denotes the normalized Haar measure on T. 
From 10— the correspondence is given by 



(1.12) 



h (z) = (z) = ^ z" (tt (e„) ip \ ip)^ . 



(iii) When @ is given to hold for some h, and vf G Rep(2tjv,?i) is the cor- 
responding cyclic representation with Utp ~ n (mo) if, then the represen- 
tation is unique from h and (|l.ll|l up to unitary equivalence: that is, if 
tt' G Rep (21 at, 7i'), ip' G Ti.' also cyclic and satisfying 



then there is a unitary isomorphism WofTL onto Ti.' such that Wtt (A) = 



n' (A) W, Ae 2tjv, and Wip = ip' . 

Definition 1.2. Given h as in theorem II .11 call {tt,'H,ip) the cyclic representation 
of 21 TV associated to h. 

In the case of the orthogonality of the translates of the scaling function ip, the 
wavelet representation is in fact the cyclic representation corresponding to the 
unique fixed point of the Ruelle operator Rmo,moy which is the constant function 1. 

We will also need the results from 'Dut' which show the connection between 
solutions to Rmo,m'gh = h and operators that intertwine these representations. 
Here are those results: 

Theorem 1.3. Let mo, tu'q G L°° (T) be non-singular and h, h' G (T) , h, h' > 0, 

Rmo,mo(h) = h, Rm'„,m'„{h') = h' . Let (7r,7i,</3), {tt' ,TC' ,ip') be the cyclic represen- 
tations corresponding to h and h' respectively. 

If ho G L^ (T), Rmo.m'g (ho) — ho and |^o|^ 1^ chh' for some c > then there exists 
a unique operator S : Ti.' Ti. such that 



Moreover \\S\\ < ^/c. 

Theorem 1.4. Let mQ,m'Q,h,h' , {TT,Ti, (p), {w' ,Ti' , (p') be as in theorem \l.!A 

Suppose S : Ti' —I- Ti is a bounded operator that satisfies 




and 



U'ip'^7:' (mo)<^', 



SU'^US, Sn'if) 



7r{f)S, (/GL°^(T)) 





7r(/)5, (/Gi°°(T)) 



and 



{ip\S7T'{f)ip') = [ fhod^,, ifeL^iT)) 
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Moreover 

\ho\ < \\S\\ hh' almost everywhere on T. 

We will see how each cycle of toq gives rise to a representation of 21 at (hence to 
a positive solution for Rmo,moh = h). 

We will also give the concrete form for the cyclic representation corresponding 
to the constant function 1 when mg satisfies (ll.l|) - (|1.4|l . When the wavelets are not 
orthogonal (the case of tight frames), the representations become more complicated. 

2. Peripheral spectral analysis 

We begin this section by analyzing the intertwining operators a little bit further. 
We will see that the commutant of the cyclic representation associated to a positive 
h with Rmo,moh = his abelian and we will find the eigenfunction h that corresponds 
to the composition of two intertwining operators that correspond to hi and ft,2 
respectively. 

In j,Tor98| . corollary 3.9 it is proved that the cyclic representation {TihT'^h, fh) 
corresponding to some h>0 with Rmajma^ — h is given by: 

'Hh := |(Co, •■•,Cn, ■•■) I J^Kio,mo (if^l^ ^) < 00,Rmo,mo {^7i+lh) = Cn^j 

T^kif) (Co, ...Cn, •■•) = (/(a^)Co, / {z^) C«, ...) , ifeL^ (T)) 
Uh (Co, •■•,Cn, ■••) = (^mo(z)Ci, ...,r71o (^Z^ ^ Cn+l, 

((Co, ••■,Cn, ••■) I (?7o, ...?7„, ...)) = lim / (Cn?7«/i) 

n^oo J J ui u \ 

and 

iph = (1,1,...,1,...) 

Also, we have the subspaces H^} C C ... C H'l C ... C Hh whose union is dense 
in Tih where 

H^. {(Co, ...,Cn, •••) G Hh I Cn+k{z) = C„ [z^') , for fc > o} 

The set 

V„^:=.{[/-"7r,(/V,J/ei°° (T)} 

is dense in for all n > and UJ^H^ = Hi}. 

Some notations: if mo and h are as in theorem ll.il then, we denote by {Tih, tt^, <^/i) 
the cyclic representation associated to h. 

If mo, rn'o, h, h' and ho are as in theorem II .31 then denote by Sh,h',ho the inter- 
twining operator from Hh' to Hh given by the aforementioned theorem. 

Sometime we will omit the subscripts. 

Lemma 2.1. Let Pj^h be the projection onto the suhspace Hq . 
Then Pn^Shji' .haPn'''' multiplication by ^ on Hq i.e. 

PH-Sh,h'MPH-' (C(^),C(^'^) ,-,C(^'^") ,-) = 
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Proof. Denote Stph' = {fo 



, ...). Then for all f € L°° (T) 

fhodfi^{{l,l,...,l,...)\7Th{f) {^^,...,^1...)) 



lim 

n— *oo 



= lim / f{z)ipahdii^ I fipahd^ 
thus ifiQ — Consider again an / e (T) arbitrary. 



This calculation shows that PjjhSP^h' is multiphcation by ^ on Vq , so, by density 



on H^' . 



□ 



Lemma 2.2. PfjhSh,h' ,hoPHh' converges to Sh,h' ,ho in the strong operator topology . 
Proof. Let ^ G Ti-h' ■ 



Ph'^SPh^'^- < Ph>^SPh,A~Ph'^S( 



< ll^ff'-llll^ll 



IPh'^S^-S^W 



0, as n — !■ cx) 



because the subspaces Hj^ form an increasing sequence whose union in dense in Tlh 
(and similarly for ). □ 

Theorem 2.3. The commutant T:h{^n)' is abelian. 

Proof. Consider 81,82 G 7r;i(2l„)'. Then, according to theorem 11.41 5*1 — 8hi, 
82 = 8h2, for some hi,h2 with Rmo,mohi = h,, \hi\ < c^h , i £ {1,2}. Let ^ £ Tih- 
It has a decomposition £, = + rj with ^0 G Hq and 77 e iJg . Using lemma ITTI 

(p^.^iP^.) [PhI;82Phs) (0 = Ph.5iP^.526 = 

= Ph^^'2Ph^8iS,o = (^PHh82PHh^ {Ph^SiPuh^ ^ 

Since Pf^h = [/^"PffhC/" it follows that Pfjh8iPHh and PHh82PH'^ a-lso commute. 
Lemma E^ can be used to get S'iS'2 as the strong limit of (yPfjh8iPHh^ (Pf//iS'2Pff'i) • 
Similarly for 8281. And as the limit is unique we must have S'iS'2 = S2S1. □ 

Next, suppose we have two intertwining operators Si : Tih — + Ti-h', 82 ■ Ti-h' 
Tih" which come from hi and /i2 respectively. Then S2S1 is also an intertwining 
operator so it must come from some We want to find the relation between hi, h2 
and h^. 

Theorem 2.4. If 8hi ■ Ti-h — » Tih' and 8h2 ■ T^h' ^ W/i" o,re intertwining operators 
then, if 8h3 = S/ijS/n. We have for all f £ L°° (T).- 

2 \ 



2 un 

mo, ma 



hi h2 

'h/hr 



h3 

h" 
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Proof. We begin with a calculation. For / G (T): 

= U-rPH.'SiPH^^H{f)^h 

For the second equality we used the fact that 5*1 is intertwining and for the last 
one, lemma ITTl 

Pjih" S2P[{h' 



(2.1) 

Similarly 
(2.2) 

Using H2.1|l . H2.2|) and the notation rn'Q^\z) :— mo{z)mo (2:^) ...mo j 

S2SlPHh^ {TTh{f)fh) 



we 



have 



(") I \ 
n^o (^) 



h2_h2_ h3_ 
17 h/' ~ hf' 



h" dfi — 



h' h" ~ h" 



But, by lemma 1^21 the first term in this chain of equalities converges to for all 
/ £ L°° (T) so we obtain the desired conclusion. □ 

Corollary 2.5. IfSh,,Sh^ G tth (SIat)', Sh^ = Sh.Sh^ and h e L°° (T) then 

'hih2 



\9\ 



7?" 



dfi -> 0, (.9 e L°° (T)) 



8 



DORIN E. DUTKAY 



Proof. We will need the following inequality 



(2.3) 



This can be proved using Schwartz's inequality: 



1 I 



< 



< 



— 



Now take g e L°° (T) and / = gh^/^ in theorem EH (/i = /i' = h"). We have: 



hih^ 



K 



h h h 



hih2 



< 



\g\^hR: 



I /I Rrno.rno 



h h h 



hi 


h2 






h 


h 


h 





h j dfi 



□ 



In the sequel, we consider intertwining operators that correspond to continuous 
eigenfunctions h. We will prove that if hi and h2 are continuous and Sh^ = ShiSh2 
then /13 must be also continuous. The fundamental result needed here is from 
IBraJoj : 

Theorem 2.6. Let tuq be a function on T satisfying uiq G Lipi(T), Rmo,rno^ ^ 1 
and consider the restriction of Rmo,mo Lipi(T) going into Lipi{T). It follows 
that Rmo,mo has at most a finite number Ai, Ap of eigenvalues of modulus 1, 

|A,| = 1, 

and R has a decomposition 



(2.4) 



Rr, 



where and S are bounded operators from Lipi{T) to Lipi{T), T\. have finite- 
dimensional range, and 

(2.5) Tl - , Ta, Tx^ ^Ofori^ j, Tx, S = STx, = 0, 
and there exist positive constants M , h such that 

(2.6) \mUp^m^Lip,ij)<Ml{l + hr 
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for n — 1,2, .... Furthermore ||i?mo, mo Hoodoo — ^' ^''^^ there is a constant M such 
that 

(2.7) ll^"IL^oo < M 
forn = 1,2,.... 

Finally, the operators T\. and S extend to bounded operators C(T) — )■ C(T) , 
and the properties \2.4^ and h2.5}) still hold for this extension. Moreover 

lim 5"/ = 0, / e C(T), 

n^oo 

n 

T,, (/) = lim - ^ Arfc< (/), / g C(T). 

n^oo ri ^ — ^ 

k=l 

Proof. Everything is contained in jBra,To| . theorem 3.4.4, proposition 4.4.4 and its 
proof. □ 

Theorem 2.7. Assume mo is Lipschitz, Rmg,mo^ < 1, h > is continuous, 
Rmo,moh = h. If Shi,Sh2 G TTh (SIat)', with hi,h2 continuous and Shs = ShiSh2 
then hs is also continuous and 

( hih2 \ n f ^1^2 \ 

Proof. By corollary 12 . 51 we have 

(2.8) / .gi?" ]dfi^ I ghs d^x [g e (T)) 



Also, observe that ^^^^ is continuous because \hi\ < cih, |/i2| < C2h for some 
positive constants ci, C2, and if xq G T with /i(xo) — then /ii(xo) = 0, h2{xo) = 

h 

m— 1 



and < C2hi Relation igSll imphes that for all g E (T) 



However, by theorem l2.6l we have 



n=0 
hih2 ' 



Therefore /13 = Ti v ^ ; • 

Next we want to prove that i?" (^^7^) — > ^3 uniformly. By |Bra Joj . proposition 
4.4.4, this is equivalent to Tx. (^) = for A, 7^ 1. 
From H2.8|) it follows, using theorem 12. 61 that 

(2.9, T„(^).,^0 

Ai#l "'i \ / 

for aU 5 e (T). 

But Tx- (^^Tp-) are eigenvectors corresponding to different eigenvalues so, some 
are and the rest are linearly independent. For all i with T\. {^^^j^) 7^ we can 
find £igieL°° (T) such that J^giTx^ (^) d^ = 1 and J^g^Tx^ (^) d/Lt = for 
Xj 7^ Xi (this can be obtain from the fact that L°° (T) is the dual of (T) which 
contains the vectors (^^) )• Then, if we use (|2.9|) for gt, we get that A" 



10 



DORIN E. DUTKAY 



whenever Ta, (^^) 7^ 0, Ai 7^ 1, which is clearly absurd unless all Ta, (^^) are 
0, for Xi ^ 1. Thus, as we have mentioned before, this implies that i?" (-^^^7^^) 
h3. □ 

Corollary 2.8. If h G C(T), h>0, Rmo,rnah — h then the space 

{ho e C(T) I Rmo.mohQ = /lo, |ft.o| < ch] 

is a finite dimensional abelian C* -algebra under the pointwise addition and multi- 
plication by scalars, complex conjugation and the product given by hi * /12 defined 
by Shi*h2 = ShiSh2 ■ 

Proof. Everything follows from theorem l2.7l and theorcm l2.3l For the finite dimen- 
sionality see |BraJoj or |CoRa90| . □ 

Remark 2.9. When h = 1 the C*-algebra structure given in coroUarv 12.81 is the 
same as the one introduced in [BraJoj . theorem 5.5.1. 

Now we will show how each mo-cycle (see definition 12.101 below) gives rise to 
a continuous solution /i > 0, Rma,mQh = h. In the end we will see that any 
eigenfunction Rma,moh = h is a, linear combination of eigenfunctions coming from 
such cycles. 

Definition 2.10. Let mg G C(T). An mo-cycle is a set {zi,...,Zp} contained in 
T such that — Zj+i for i £ {l,...,p — 1}, = zi and |mo(zi)| = \/N for 
i e {l,...,p}. 

First, we consider the eigenfunction that corresponds to the cycle {1}. This 
appears in many instances and it is the one that defines the scaling function in the 
theory of multiresolution approximations (see |Dau92j . |Bra,Toj ) . 



Proposition 2.11. Let niQ e Lip-^{T) with mo(l) — VN, Rmo.mo^ — 1- Define 

00 f X \ 

^™„.i(.) = n^^^^' (^eR) 

k=l ^ 

(i) fmo,i is a well defined, continuous function and it belongs to L"^ (R). 

(ii) If hmo,i = Per |(/Jmo,il^ Lipschitz ( trigonometric polynomial if uiq is 
one ), where 

Per(/)(a;) := ^ f{x -f 2fc^), (x e [0, 2^], / : R ^ C). 

fcgZ 

Also RmQ,mQhm„,i = hmo,i, Kno.ii^) = 1; Kig .1 is on every rriQ-cycle 
disjoint o/ {1}. 

(iii) IfUi : L2(K) ^ (R), {lJiC){x) = y/N£,{Nx) and TTi{f) : (R) 

L2 (R), Mf)iO = /e for all f & (T), then (f/i, ^i, i) define the 
cyclic representation corresponding to hmo.i- 

(iv) The commutant of the representation from Imj) is 

{Mj\feL°^{R),fiNx)^fix) a.e. }, 

where Mf is the operator of multiplication by f . 

(v) hmo,i is minimal, in the sense that ifO < h' < c/imo,i, c> 0, h' continuous 
and Rma.ma^' = h' then there exists a A > such that h' = Xhmo,i- 

(vi) If h > is continuous, Rma.moh — h and h{l) = 1 then h > h^no.i- 
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Proof. (0) See jDau92j or [BraJoj . 

(jUl) See |Bra,To| . theorem 5.1.1 and lemma 5.5.6. 

For see |Dutl . Also, in 'Dut' it is proved that we are dealing with a represen- 
tation of 21 AT (it is the Fourier transform of the wavelet representation mentioned in 
the introduction). We only need to check that (pmo,i is cyclic for this representation. 

Consider P the projection onto the subspace generated by tti (SIat) ipmo,i- We 
prove first that P commutes with the representation. Take A G tti (2tjv), A self- 
adjoint. If S e TTi (SIat) then A(S(^„io_i) e tti (21^) ^m^.i so PA{BLp,no,i) = 
A{B^pr,^„,l). So PAP = AP. Then 

AP = PAP = {PAPy = [APy = PA 

so P commutes with A, and since any member of tti (2ljv) is a linear combination 
of selfadjoint operators from this set, it follows that P lies in the commutant of the 
representation. Then, by lO, P = Mf for some / G L°° (M) with f{Nx) = f{x) 
a.e.. As P is a projection = / = / so / = XA for some subset A of the real 

line. But P</3mo,l = </'mo,l so >fmo,lXA = <i5mo,l a.C. SiuCC ipmoA^) = 1 ^-^d (fimo.l 

is continuous, it follows that A contains a neighbourhood of 0. This, coupled with 
the fact that xa{Nx) = xa{x) a.e., imply that xa = 1 a.e. so P is the identity and 
thus TTi (SIat) </?mo,i is dense, which means exactly that ^mo,i cyclic. 

ijvjl Consider h' as mentioned in the hypothesis. Then h' induces a member of the 
commutant Sw- By lO, Sw = Af/^^, for some fh' e (K) with fh'{Nx) = fh'{x) 
a.e.. We have 



I 5/."ri(/)^™o.i) = / fh'd^l, if e L°° (T)) 

which implies that 

h' = PeT(jp~[Sh'ipmo,i) = Per (^fh' IVmoA^^ 
We prove that fh' is continuous at 0. 

Vma,\\ (a; -I- 2A:7r) 



As 



/lmo,l(a;) = |'^mo,l|^ + X! l'^'"o,il^ + 2fc7r) 

fe#0 

and /imo,i(0) = Ivmo.il^ (0) = 1 and hmo,i, ^mo.i are continuous, it follows that 

Iv'mo.il'^ (2; + 2A;7r) ^0 as a; ^ 

fc#0 



Then, as a; ^ 0, 



fh'{x + 2fc7r) |(pmo,i|^ (x -I- 2fc7r) 



< ||A'|looEl^"o,il'(^ + 2fc7r)^0. 



Using this in (|2.1U|) we obtain that lima;^o //»' (^) — ^.'(0). But fhi{Nx) = fh'{x) 
a.e. so fh' = h'{0) a.e. which implies that h' — h'{0)hmo,i ■ 
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ifvijl This is contained also in |Bra,To| but here is a different proof. Consider 
f € L°° (T), arbitrary. Define 

,1/2 fJL) TT ^^^^N^) 



n 



k=l 



Clearly 



^Pn{x) f{x)ipmo,l, {x e K) 
n~l 

|/|2(iV"y)%)J]|moP(iV'=x) 

fc=0 

i?™o.™o {h{y)\f\HN-y)) dy 
\f\^{y)h{y)dy 



Using Fatou's lemma we obtain: 

/ |</?mo,il^ dy ^ liminf |(^„|^ < 

< liminf / |(^„(a:;)|^ dx 

= / Iffhdf, 
Jj 

and after periodization 

I \f\^h,^„id^i< f\f\^hdti 
As / was arbitrary this shows that hmo.i l£ h. □ 
Now we generalize a little bit, by considering a cycle {zq} where Zq = zq. 

Proposition 2.12. Let toq G Lip^ (T), zq G T mt/i Zq — zq, mo (zq) = VNe^^" , 
-Rmo.mol = 1- Define 

e-'^»a.„ (mo) (^) 
fe=l "^iV 
where ap{f){z) — f{pz) for z,p£T and f £ L°° (T). 

(i) (fimQ.zo *s a well defined continuous function that belongs to (R). 

(ii) hmo,zo ■= Q^z-i {^^^ \Vmo,zo\'^^ Lipschitz (trigonometric polynomial if 

niQ is one ), Rmo,mohmo,zo = hmo,zo, ^mo,2o(^o) = 1, ^mo,2o ^ on every 
mo-cycle disjoint of{zo}. 

(iii) IfU,, : (M) ^ L2 (M), = e^'of/^^ and 7r,„(/)(C) = tti («,„(/)) 

1 TTzo , <y3mo,^o) define the cyclic representation 

corresponding to hmo,zo- 
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(iv) The commutant of this representation is 

{Mf\feL°^{R)JiNx) = fix) a.e.}. 

(v) hraa.za IS minimal ( see vrovosition V^.lU fvll ). 

(vi) If h > is continuous , Rmo,moh — h and H^zq) = 1 then h > hmo.zo- 

Proof. Consider mp :— e^^^"azg{mo). We check that ttiq satisfies the hypotheses of 
proposition 12. Ill Clearly mf, is Lipschitz, niQ^l) = Vn, 

w'^=z w"=z 
= ^ XI I'^ol^ (y) -Rmo.mo (^OZ) 1 

Thus we can apply proposition 12 . 1 11 to TOq. 
10 'Pyna,za = Vm'g,i and everything follows. 



^ RrnQ.m'ghm'g.l (^^Q ) — ^mQ,ZQ(^) 

Also hmg,zo{zo) — hm'g,i{zQ^zo) ~ 1 and, if C is an mo-cycle disjoint of {zq} then 
z'^^C is an mg-cycle disjoint of {1} and again proposition 12 . 1 II applies. 
ljm|l and (|rvjl can also be deduced from proposition 12. Ill The relation 

C/.o^.o(/)=^.o (/ {^''))Uzg 

follows from the identity a^^ (/ (2^)) = Oizoif) (z^)- 

10 If ft,' is as given, then azo{h') satisfies: < azg{h') < ca^o (/imo.xo) = 
chm'g,i and i?„j/^_^j^a2o (/i') = "20 (-Rmo,mo^') = "zoC*')- Then, by proposition 12. Ill 
ctzaih') = Aft,„^_i for some A > so ft' = Xhmo,zo- 

l(vi|) The argument is similar to the one used in (0). □ 

Using proposition 12 . 1 21 we are now able to prove that each mo-cycle gives rise to 
a continuous solution for Rmo.moh — h. 

Proposition 2.13. Let niQ e Lipi{T), Rrno,ma^ ~ 1 o,^d. let C — {zi,Z2 = 

, Zp = Zp_^}, Zp = zi, he an mo-cycle, mo (zfc) = ViVe'^'= for k G {1, 
Denote by 9c = di + ...Op. Define 



-= , (fc e {l,...,p}) 

k—1 



(i) 'Pk,mo,c is a well defined continuous function that belongs to (I 
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(ii) Define gk,mo,c = a^-i (Pei \ipk,mo,c\^^ for all k e {l,...,p}. gk,mo,c is 
Lipschitz (trigonometric polynomial if mo is one). Also 

^mo,mo9k,mo,C — gk.mo.Ci 
Rmo,mQgk,mQ,C — gk-\-l.mo,C 

(we will use the notation mod p that is Zp^i = zi, gp+2,mo,c — g2,mo,c 
etc.) 

gk^mo.c (zj) = Skj, gk,Tno,C is on every mo-cycle disjoint of C . 

(iii) Define hm„,c = Sfc=i5fc,mo,c- Then hmo,C is Lipschitz (trigonometric 
polynomial if mo is one). Rraa,mohmo.c = hmo,c, hmo,c{zk) = 1 for all 
k € {1, ...,p} and h^o.c is on every mo-cycle disjoint of C. 

(iv) hmQ,c is minimal. 

(v) If h > is continuous, Rmo mah — h and h is 1 on C then h > hmo c ■ 

(vi) IfUc-.L^Rf ^L^Rf,' 

Uc{^i,-,^p) = (e''^;7i6,...,e^'--^C/iCp,e^'-C/ia) 
and for f E (T), 7rc(/) : {M.f {Rf, 

^cif) (6, Cp) = (^1 (/)) (Ci) , ^1 K (/)) (Cp)) 

then {UcT^c, {vi,mo,c, ^p.niQ.c)) is the cyclic representation 
corresponding to hmQ,c- 

(vii) The commutant of this representation is 

{Mf, ® ... e Mf^ I fk e (M) ,A.+i(iVx) = fk{x) a.e , for k e {1, ...,p}} 
Proof. Let m^ :— m'^\ Observe that 

m'o (zi) = m^^^ {zi) = mo (zi) mo (z.^ ) ...mo (^zf^" ^ = 
= mo (zi) mo (z2) ...mo (zp) = \[WPe^^^ 
(0) Note that R^m^^m = ^mo,mo so R^m ^^mI = 1. Thus iQ) follows from 
proposition 12. 121 l(Hl (replace N by A^'' when working with mg^-* ). 

^ If yi,y2 = Vi , ■■■,yq = yq-i,yi = yq is an mo-cycle, then {y,} is an m[)^^- 
cycle. Therefore , all assertions in |(ilj, except the one that relates gk,mo,c a-nd 
5fc+i,mo,Cj follow from proposition 12 . 1 2l iju)) . 

We check now (|vi)l . [/c is unitary as a composition of unitary operators. For 
/ e (T) we have: 

Ucncifmi,-,^ (e^'^TTi (z^)) ... 

... e^^-^TTi (a,^(/) (z^)) C/iCp,e'''-7ri (z^)) t/i^i) 

= (e^'^^^i (a,, (/ (z^))) e^'^-^TTi (a.^_, (/ (z^))) C/i^^, e'^-Tn (a., (/ (z^))) C/i 

= 7rc (/ (z^))C/c(a,-,ep) 

Here we used that az^^^if) (z^) = a^^ (/ 
We must check also that 

Uc iVl,mo,C, 'Pp,mo,c) = T^C (mo) ('/'l.mo.C, ■ • ■ , <<2p,mo,C ) 
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To do this observe that 

"zi (m'^^'j (z) = (mo(z))a^i (mo (z^)) (niQ (^z^" = 

= (too) (too) (z^) ...Q;2p (too) (^z^" ^ 

Thus 

e-'^^g,^ (too) (^) e-'^^-^a.^„, (too) (^) e-'^^a,, (mp) (^) 
</'i,mo,c(a;j = 1= 7= ... = 

//V Vn 

e-"^^az, (mo) (^y^) e-''^i'-ia,^„, (toq) (^) e-'^^g,, (^o) ( ^^f) 



so 

^ e-^^:-. (too)(^) 



Similarly 

'/5»,mo,c(a;) = 11 ^= for z e {1, ...,p} 

Using this formula we obtain: 

e-^<^^+i-^a,^^^_^ (too) (^) 



e 



oc _ _ 

-i9i 



fc=2 ^ 



= e ^^'a^, (too) -^i^mo^C 

which shows that 

Next we compute the commutant. Consider A : (R)^ (R)^ commuting 

with the representation. Let Pi be the projection onto the z-th component, and let 
A^j = PiAPj. Note that 

C/g(Ci,...,^p) = {e~^'-Ul^,,...,e~^'-Uli,) 

Also, since zf^ = Zi, Zi = j^f^j for some integer ki. Take any ^ypl^ -periodic 
essentially bounded function, g. Then a^. (g) = g so 

7rc(5) (6,---,'^p) = (7ri(.9)6, •■•,7i"p(5)^p) 

Then Pj commute with and 7rc(<?) so commute with f7f and TTi{g) and, 
using the argument in |Dutj (proof of theorem 4.1), (see also the proof of lemma 
below), it follows that Aij = Mf^. for some f^j S L°° (R). 
Since A and nc{f) commute for all / G L°° (T), we have for i e {1, 
p p 
X] TTi (a^^ (/)) = vTi (a^^ (/)) ^ /yCj 

Fix A: and take £,j — for all j ^ fc, then 

fikTTi (a^J/)) Cfe = TTi (az.(/)) /jfcCfe 
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SO fik — for i ^ k. Then, since A commutes with U we have 

(e*«i ViV/22 {Nx)^2 {Nx) e'^-' VNfpp (iVx)Cp {Nx) , e''- VNfn{Nx) 

= (e'» Vii (a:) (iVx) , . . . , e^^- 1 VNfp^ ip^,{x)^piNx), e^'- VWfpp (Nx) 
Therefore 

f22{Nx) = /ii(x) a.e. 
f33{Nx) = f22{x) a.e. 



fii{Nx) = fpp{x) a.e. 

and l|vii|l follows. 

The cyclicity of (lySi^mo.Ci Vp.mo,c) follows as in the proof of proposition 12. Ill 

(Ell. 

We check that i?mo,moffi,mo,c = 9i+i,mo,c- Take / G (T). Wc have: 



,mo,C 

T 

([/l</3i+l,mo,C I C^lTI"! + V'i+l.mcc) = 

(e"*^'7ri (q!2^ (too)) <y5i,mo,c I e"*^'7ri (q!^,_|_i (/) (^;^)) vri (a^^ (mo)) <y5i,mo,c) 

= (v'i,mo,C I 71"! (^a^, (/ (z^)) a^, (|too|^)) ^i,mo,C^ 



Hence 

(juHl follows from (O. 

Next we prove that hmo,c is minimal. Take a continuous /i' with < h' < hm^^Ci 
Rmo,moh' = h'. Then R m ,p)h' = i?P „ „„/i' = /i' and 



■mo, mo' 



nio .™o 

< /l' < C (ffl,mo,C + ... + 5p,mo,c) 

Now we use the fact that the space 

{geC(T)|i?„<,>^<,,g = 5} 

is a C*-algebra isomorphic to C ({1, c?}) for some d ( see corollarv 12.81 V and 
by proposition 12.121 l|iv)l . gi^mo,c £^re minimal. It follows that h' can be written 
uniquely as 

h' = aigi,ma,C + ■■■ + Oipgp,mo,C 

with ai, ...jQfp G C ( the uniqueness comes from the fact that gi^mo,c are linearly 
independent, which, in turn, is implied by (juj ). Then 

Rmo,m„h' — aig2,mo,c + ■■■ + Otp-igp.m„,C + OLpgi^mo.C 

so, by uniqueness ai = 0,2 = ■■■ = oip = ai and 

= a.1 (gi,mo,C + ••■ + 5p,mo,c) = ttl^mo.C- 

For (0) we use a similar argument: take h' as given in the hypothesis. Then 
R (p) {p)h' — RP h' = h', h' (zi) = 1 for all i. Using proposition 12. 12m vjl. we 

get h' > gi,mo,c for all i. 
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Now we use again the fact that IgeC (T) \R (p) (p^g — g> is a C*-algebra 
isomorphic to C({1, ■■■,d}) and gi^mo,c are minimal, so 

h' > igi,mo,C + ■•■ + gp,mo,c) — ^mo,C 

□ 

N _ 



Lemma 2.14. Consider mo, mg satisfying f J.jp - fTTTl ). Let C : = Z2 

zi fee an mQ-cycle andC : zj^^ = = fee aum'^-cycle, mg (z^^) = ViVe**'=, 

TOq (z^) = ^/Ne^^i' for all k. Consider the cyclic representations associated to this 

cycles as in vrovosition \2. 1!A (Uct^cVc), {Uc' ,t^C' , Vc) md let S : {M)^ 

(R)^ fee an intertwining operator. Then S — if C ^ C . If C = C and, after 
relabeling, Zk — z'f^ for all k, p ~ p' then, there exist fi, fp e (M) such that 



with 



Proof. Note that 



= e<'^-'Of,(Nx), a.e., 

fp-i{x)=e<'''-'-''p-^)fp{Nx), a.e., 
fp{x)^e<'^-''^)f,{Nx), a.e.. 



Ul^e'^^Ul® ...®e'^^Ul 



where dc — di + ■■. + dp. Similarly for U^,. This shows that commutes with 
the projections Pi onto the i-th component. 

We have SU^^' = U^J S so {P^SPj) U^^' = U^T' {P^SPJ), therefore 
S^je^P'^'oUfP' = e'-P'^'^Uf'"' S^j where 5^ = P^SP^. 

Also, since z^'' = z^, Zfc has the form e*~ for all fc and similarly for z^. If we 
take f eL^ (T) to be ;|^-periodic, then = /, = / for aU k so 

and again 

SijT^iif) = ■ni{f)Sij 



Hence Sij commutes with 7ri(/) — Mj whenever / e L°° (M) is ^^^^-periodic. 
But then also 



and U^PP' Tri{f)UfP' = Mg where g (^Npp' x^ = f{x) for a; e M and g is :^NPp' - 
periodic. By induction, it follows that Sij commutes with Mf whenever / S L°° (R) 
is -^N'-PP' periodic, I £ N. 



Now take f € (R). Define fi{x) = f{x) on 
extend it to M such that /; is ^2_7V'P?''-periodic. 



and 
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We prove that M/, converges to M/ in the strong operator topology. Take 

J\x\>-^^Nivp' 

<(2||/llL) / X{|x|>^Ar'pp'} IV"!^ da; 

J W. mm 

— > 0, as / — ^ oo 

Consequently the limit holds and Mf will commute also with Sij . As / was arbitrary 
in L°° (R) , using theorem IX. 6. 6 in Con90 , we obtain that Sij — Mf^. for some 
f,,eL^{R). 

Having this, we rewrite the intertwining properties. First, we have for all / G 
(T): 

p' p' 

(2.11) = «..(/)E/^^^^' e {i>-:P}) 

Fix fc G {1, ■■■,p'} and take = for j ^ k. Then 

(2.12) f^ka,'^{mk^a,^{f)f^kCk 

Since / G L°° (T) is arbitrary, it follows that fik — unless z'f. = Zi. 

If 2^ = then we get C = C". If C 7^ C" then C n C" = so fij = for all i, j 
and = 0. 

It remains to consider the case C = C and, relabeling Zk = z'j^ for all k, p = p'. 
Equation (|2.12|) implies that /y = for i ^ j so 

S i^i, •■•,Cp) = (/iCi, ■■■ilp£.p) 

(we used the notation fi = fa ). 

The fact that SUc' — UcS can be rewritten: 

fi{x)e''^'^VN^2{Nx) = e'^'VNf2{Nx)^2{Nx) 

/p_i(x)e<-i\/iVep(^a;) = e'''--'VNfpiNx)^piNx) 
fp{x)e<VN^i{Nx) = e'''^y/Nfi{Nx)^i{Nx) 

so 

h{x)=e<'^-''^)h{Nx), a.e., 
fp{x)^e<'''-''^)h{Nx),a.e.. 

□ 
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Theorem 2.15. Let mo satisfy Ij.lp -i fT"^ . Let Ci, ...,Cn be the mo -cycles. Then, 
each h G C(T) with Rmo,moh = h can be written uniquely as 

n 
i=l 

with Ui G C. Moreover ai = h\ci- In particular 

n 
1=1 

Proof. Proposition l2.13l (|iiHl shows that hmo,Ci are hneaiiy independent. Since the 
dimension of 

{heC{T\R^,^^,h = h) 
is n ( see jBraJo| ), it foUows that h„ig^Ci form a basis for this space, so 

n 
i=l 

for some ai G C. An apphcation of proposition 12 . 1 31 (|nH) shows that — h\Ci. □ 

Theorem 2.16. Suppose mo satisfies the conditions < j. j|) - |7"7P . Let Ci, ...,Cn be 

the mo-cycles. For each i consider {Ud, t^Ch fd) which give the cyclic representa- 
tion corresponding to hmo,Ci ( see vrovosition \2.13\ ). Define 

U = Uc,® ...QUc^, 

TT — TTCi ® ... ® 7r(7„, 

(p = (fCi ffi ••■ ffi ^C„- 

Then (U,TT,ip) give the cyclic representation corresponding to the constant function 
1. Each element S in the commutant of this representation has the form 

5 = © ... © Sc„ 

where Sd is in the commutant of {UdTTTCiTVCi) ■ 

Proof. Since 

n 
i=l 

, for the first statement it is enough to check that ip is cychc. For this we will 
need the commutant and then the reasoning is the same as the one in the proofs of 
proposition 12. Ill (Im)) or proposition l2.13l (fvUl . But lemma [2 . 1 41 makes it clear that 
the elements of the commutant have the form mentioned in the hypotesis ( see also 
the proof of theorem 12.1 71 ). We also need to prove that if S is in the commutant , 
S = S'^ = S* and Sip ^ ip then S is the identity. But, 

S = Sd® ... © Sc„ 

so Sd — Sq. — Sq. and Sd^Pd — Vd and, as ipd is cyclic in the corresponding 
representation, it follows that Sd is the identity so S — I. □ 
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Theorem 2.17. Suppose mo satisfies H.l\} - lL^ . Let Ci,...,Cn be the mo-cycles, 
Ci : zu,Z2i = ...,Zp. i = Zp_^i,zu = , for i £ {1, ...,n}. Lei gk.mafi, be as 
in vrovosition \2.1iA k S {1, ...,pi\, i G {1, n}. 

If h £ CiT), h ^ and Rmo,raoh = Xh for some X G T, then there exists an 
i €z {1, ...,n} such that X^' — 1 and there exist a; G C, i G {1, ...,n} smc/i that 

n / Pi \ 

i=i \fc=i / 

and a^ = if XP^ ^ 1. 

Proof. First note that instead of mo we can take |too| and the problem remains the 
same. We have 

^ ^ Xmo{w)mo{w)h{w) = h{z), {z G T) 

so R\mo,moh ~ h. Using theorem 11.81 it follows that h induces an intertwining 
operator S : Tima ~^ T^Xmo ■, where {Timo j ""mo i ) is the cyclic representation 
corresponding to the constant function 1 and mp, and (TiAmo , TTAmo : '^Amo ) is the 
cyclic representation corresponding to 1 and Amo. 

Using theorem 12 . 161 and proposition 12. 131 we see that Tim^ ~ Hxmo, T^nnXf) = 

7rAmo(/), for f £ L°^ (T), (^,„„ = IfiXmo and Ux,na = XU,no- 

The intertwining property of 5 implies that 

SUmo — XUragS 
Stt^oU) = ^moif)S, (/GL°°(T)) 

If Pci is the projection onto the components corresponding to the cycle Ci then we 
see that P^ commutes with both Umo and n^ngif), for / G L°° (T). Therefore 

{Pc.SPc^) Uc, = XUc, {PcuSPc,) , 

{Pc, SPc, ) ^c, (/) = TTc, (/) {Pc, SPc, ) , (/ G (T) ) 

Using lemma 1^.141 we obtain, (PdSPcj) = if i 7^ j and for each i G {1, ...,n} 
there exist fu,.... fp-i G (M) such that 

{Pc, SPc, ) (Ci , ■ • • , J = (/nfi , . . . , /p, J , 
fu{x) = Xf2i{Nx) a.e., 

/p,_ii(x) = Xfp^iiNx) a.e., 
= A/ii(iVx) a.e.. 

Also, as 

/ //i dA* = 1 7r,„„ (/)5v.,„o) , (/ G (T)) 
after periodization we get 

n Pi 

h = ^Yl "z-^ (Per (/fc» |<Pfc,mo,cJ^)) 

i=l k=l 
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We want to prove that each fki is continuous at 0. Take i G {1, n}, k G {1, ...,pi}. 
We know from proposition 12.131 that gk,mo,Ci is 1 at Zki and at every other zij. 
Then 

< ll/yll 

so this function has hmit at Zki for {l,j) ^ {i, k). The argument used in the proof 
of proposition 12 . Ill (j v jl can be repeated here to obtain that hm^j—^o fki(x) = h(zki)- 
On the other hand we have 

(2.13) Im{NP^x)^\-p^}u{x) 

so if we let x ^ 0, we obtain h{zki) — \^P'h{zki). Consequently, h{zki) = fki — 
or A^' = 1. Since h ^ 0, there exists an i g {1, ...,n} with A''' = 1. 

For an i with A^' 7^ 1 we have fki = for all k € {1, ■■■,Pi}- Now take an i 
with A^' ~ 1. From H2.13(l and the fact that fki is continuous at 0, it follows that 
fki is constant. Let at = fu. Then f2i = X^^ai, ...,fp.i — A^^'+^ofi and the last 
assertion of the theorem is proved. □ 

Corollary 2.18. Let uiq as in theorem \2.17\ For an eigenvalue A G T and i with 
A^' — 1, define 

Pi 

^ma.CU = X! ^^''^^9k,nio,Ci 
k=l 

. Then for each eigenvalue A G T, the eigenf unctions with X^' = 1 are 

linearly independent. Moreover if we define the measures 

1 

i,^ ^-J^X^-'S,,^, zG{l,...,n},AGT,Af' = 1, 
where 6z is the Dirac measure at z, then 

n 

i=l,\Pi=l 

Proof. First, we see that theorem 12.171 implies that h^^^^ p. with A^' = 1 span 
the eigenspace corresponding to the eigenvalue A. Then we also note that, using 
proposition l2.13l l| ii |) we have: 

(2.14) {Kn„^C,) ^ S.r 
This shows that are linearly independent. 



(Per (/y 
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On the other hand we have for all / e C(T), using the fact that Ci is an mo-cycle: 

1 

= ^E^'"'^ E kmiVh 
fe=i 



E \mo{w)\^ f{w) 

0.- --^^ ^ 



Then, according to theorem l2.6l 



1 " 

(TaI/)) = lim - ^ «„,™o(/)) 

fe=l 
n 

= lim - Y^X-f^X^u^i^f) 

= ^,'(/) 

This, together with (|2.14() and the fact that form a basis for the eigenspace, 

imply the last equality of the corollary. □ 
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